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Problem 1:

Given the following training data X and Y, derive the vector w using linear regression (to fit the
given data). The number of features in each data point is 4 (d=4). Xo is not shown (always 1).
X1=[3, 4.5, 6, 3.4] y1=60

X2=[5,7,9,5.2] y>= 84

X3=[8, 10, 12, 7] y3=120

Xa=[1, 3, -4, 2] ya=16

Xs=[0, 4, 10, 9] ys=125

Xe=[2, -2, 3, 1] y6=34

Show your w and also each step in the derivation.


ирина
Штамп


1 3 45 6 341
15 7 9 52
1 8 10 12 7
X =
1 1 3 -4 2
1 0 4 10 9
12 -2 3 1|
1 1 1 1 1 1]
35 8 1 0 2
X'=|45 7 10 3 4 -2
6 9 12 -4 10 3
34 52 7 2 9 1|
_ 1 3 45 6 34] _
1 1 1 1 1 1 6 19 26.5
1 5 7 9 52
35 8 1 0 2 19 103 1275
. 1 8 10 12 7
X'X=|45 7 10 3 4 =2 L1 3 4 o =126.5 127.5 198.25
6 9 12 -4 10 3 36 161 232
1 0 4 10 9
34 52 7 2 9 1 27.6 96.2 161.7
- 12 -2 3 1] *
XT=(XX)1X= [ 1.1198 0.3936  -0.7350 0.1640 -0.1368 0.1944
-0.3464 -0.1183  0.2768 0.0573  -0.0488 0.1793
0.2435 0.1144  -0.1130 0.0078  -0.0494 -0.2034
0.1643 0.0731 -0.0874 -0.1282  -0.0061 -0.0157
-0.4170  -0.1731  0.2279 0.1208  0.1550 0.0864
w=xtvy=[ 1.1198 03936 -0.7350 0.1640 -0.1368  0.1944 || 60
-0.3464 -0.1183  0.2768 0.0573  -0.0488 0.1793 84
0.2435 0.1144 -0.1130 0.0078 -0.0494 -0.2034 120
0.1643 0.0731 -0.0874 -0.1282  -0.0061 -0.0157 16
-0.4170 -0.1731  0.2279 0.1208  0.1550 0.0864 125
- L 34 |
=| 4.1804
3.4170
-2.2967
2.1647
| 12.0265 |

36
161
232
386
236

27.6 |
96.2
161.7
236.2
173.6 |




Problem 2:

E;,(w) = %Z’,Ll(wan — y,)?%. Show that E;,(w) = %(WTXTXW —2wTXTY + YTY) step by
step. For each step, if you need to use any basic matrix operation, please specify it clearly.

1 N 1 N

Nz 1(WTxn - yn)z = Nz 1(WTxnon + ZWTxnyn + Yn yn)
n= n=
1

n=1 n=1

Since
N
z WTx,x,w) = wixx,w + wlhaoow + -+ wlix,x,w
n=1

X1
= WT[x1 xn] []W
Xn

= wliXTXw

N
E 1(Zwanyn) = 2wlxy; + 2wix,y, + -+ 2wlx,y,
n=

V1
=2wT[x; . Xy]

Y
= 2wTXTy "

N
Z 1(ynyn) = Y1+ Y2yt Y
n=

V1
=[y1 yn]

In
= YTy

Thus

1
E;,,(w) = N(WTXTXW —2wTXTy + YTY)



Problem 3:
Given our objective function E;,(w) = %(WTXTXW —2wTXTY + YTY), we obtained the

gradient of E;,, as VE;,,(w) = %(XTXW — XTY). To help you understand how we compute the
gradient of E;;, in linear regression, prove that:

V(WTAw) = (A + AT)w

In this equation, A is a matrix of size (d+1) by (d+1). w is the weight vector of size (d+1) by 1.
This will help you see how we obtain the first item in the gradient.

Solution:
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DG
j=0
d d d
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= =0 j=0
d
D au
_]=0 _
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d d
D)
= ak'Wk a;.w
Wy ' Jj ' ik"Wk
j=0 i=0
= Agw + Atw
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Problem 4:
This is a problem about non-linear transformation function ® (x)=(1,x12, x22). What kind of
boundary in y (original input space) does a hyperplane W in Z correspond to in the following
cases? Draw a picture that illustrates an example of each case.

(a) wy >0, W, <0

(b) Wy >0, W, =0

(c)‘ \'7{/1 ?0, }7172‘>0,.qu <0
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Problem 5:

Consider a new error measure: en(w) = max (0, 1-ynw'x»). Show that : (1) en(w) is an upper
bound for [sign(w”x,) # y,]. (2)% N_ en(w) is an upper bound for the in-sample

classification error Ein(w).

Solution (1):
_ 1,if y, # sign(w'x,)
Ty ) = _ { n n
[sign(w'x,,) # y,] 0,if y, = sign(w'x,)
1+ ly,w'x,l, if yaw'x, <0
e,(W) = max(0,1 —y,wlix,) = {1—-ywlx,, if0<ywlx, <1
0, if 1< y,wlx,

1. Ify, #sign(wTx,), y,w!x, < O0.In this case, [sign(W'x,,) # y,] = 1lande,(W) =1+
|y ,wlx,|. Thus [sign(WTx,) # y,] < e,(W)



2. Ify, =sign(wTx,), y,wlx, > 0.In this case, [sign(WTx,) # y,] = 0and e, (w) = 0.
Thus [sign(W'x,,) # y,] < e, (w)
Thus, en(w) is an upper bound for [sign(W'x,,) # v,].

Solution (2):

According to (1), we know that [sign(w'x,) # y,] <e,(w) for each n. Thus,
>N _ [sign(w”x,) # v,] < ¥N_,e,(w) . Since the in-sample classification error Ei(w) =
%ZLl[[sign(wan) # Y] < % N e,(w). Thus,% N_,en(w) is the upper bound for the in-

sample classification error.



