
Problem 1:  
Given the following training data X and Y, derive the vector w using linear regression (to fit the 
given data). The number of features in each data point is 4 (d=4). X0 is not shown (always 1).  
X1=[3, 4.5, 6, 3.4]  y1= 60 
X2=[5, 7, 9, 5.2] y2= 84 
X3=[8, 10, 12, 7] y3=120 
X4=[1, 3, -4, 2] y4=16 
X5=[0, 4, 10, 9] y5=125 
X6=[2, -2, 3, 1] y6=34 
 
Show your w and also each step in the derivation.  
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Problem 2: 
E!"(𝑤) = 	

#
$
∑ (𝑤%𝑥" − 𝑦")&$
"'# . Show that E!"(𝑤) = 	

#
$
(𝑤%𝑋%𝑋𝑤 − 2𝑤%𝑋%𝑌 + 𝑌%𝑌) step by 

step. For each step, if you need to use any basic matrix operation, please specify it clearly. 
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Since 

1 (𝑤%𝑥"𝑥"𝑤
$

"'#
) = 𝑤%𝑥#𝑥#𝑤 +𝑤%𝑥&𝑥&𝑤 +⋯+	𝑤%𝑥"𝑥"𝑤 

= 𝑤%[𝑥# … 𝑥"] 8
𝑥#
…
𝑥"
9𝑤 

=	𝑤%𝑋%𝑋𝑤 
 

1 (2𝑤%𝑥"𝑦")
$

"'#
=	2𝑤%𝑥#𝑦# + 2𝑤%𝑥&𝑦& +⋯+ 	2𝑤%𝑥"𝑦" 

= 2𝑤%[𝑥# … 𝑥"] 8
𝑦#
…
𝑦"
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= 	2𝑤%𝑋%𝑌 
 

1 (𝑦"𝑦")
$

"'#
=	𝑦#𝑦# + 𝑦&𝑦& +⋯+	𝑦"𝑦" 

= [𝑦# … 𝑦"] 8
𝑦#
…
𝑦"
9 

=	𝑌%𝑌 
 
Thus  
 

E!"(𝑤) = 	
1
𝑁
(𝑤%𝑋%𝑋𝑤 − 2𝑤%𝑋%𝑌 + 𝑌%𝑌) 

  



Problem 3: 
Given our objective function E!"(𝑤) = 	

#
$
(𝑤%𝑋%𝑋𝑤 − 2𝑤%𝑋%𝑌 + 𝑌%𝑌), we obtained the 

gradient of E!" as ∇E!"(w) = 	
&
$
(𝑋%𝑋𝑤 −	𝑋%𝑌). To help you understand how we compute the 

gradient of E!" in linear regression, prove that: 
 

∇((𝑤%𝐴𝑤) = (𝐴 + 𝐴%)𝑤 
 
In this equation,	𝐴 is a matrix of size (d+1) by (d+1). 𝑤 is the weight vector of size (d+1) by 1. 
This will help you see how we obtain the first item in the gradient. 
 
 
Solution: 
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Since 
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Problem 4: 
This is a problem about non-linear transformation function F (x)=(1,x12, x22). What kind of 
boundary in 𝜒 (original input space) does a hyperplane 𝑤H  in Ζ correspond to in the following 
cases? Draw a picture that illustrates an example of each case.  

(a) 𝑤H# >0, 𝑤H& <0 
(b) 𝑤H# >0, 𝑤H& =0 
(c) 𝑤H# >0, 𝑤H& >0, 𝑤H) <0 

 
 



 
 

 
 
Problem 5: 
Consider a new error measure: en(w) = max (0, 1-ynwTxn). Show that : (1) en(w) is an upper 
bound for ⟦sign(𝒘%𝑥") ≠ 𝑦"⟧. (2) #

$
∑ 𝑒"(𝒘)$
"'#   is an upper bound for the in-sample 

classification error Ein(w).  
 
 

Solution (1): 
 

⟦sign(𝒘%𝑥") ≠ 𝑦"⟧ = 	 S
1, 𝑖𝑓	𝑦" ≠ 𝑠𝑖𝑔𝑛(𝑤%𝑥")
	0, 𝑖𝑓	𝑦" = 𝑠𝑖𝑔𝑛(𝑤%𝑥")	

 

 

e"(𝒘) = max(0, 1 − 𝑦"𝒘𝑻𝑥") = 	_
1 + |𝑦"𝒘𝑻𝑥"|,												𝑖𝑓	𝑦"𝒘𝑻𝑥" < 0
1 − 𝑦"𝒘𝑻𝑥",						𝑖𝑓	0 ≤ 𝑦"𝒘𝑻𝑥" ≤ 1

0,																			𝑖𝑓	1 < 	𝑦"𝒘𝑻𝑥"
 

 
1. If 𝑦" ≠ 𝑠𝑖𝑔𝑛(𝑤%𝑥"), 𝑦"𝒘𝑻𝑥" < 0. In this case, ⟦sign(𝒘%𝑥") ≠ 𝑦"⟧ = 1 and e"(𝒘) = 1 +

|𝑦"𝒘𝑻𝑥"|. Thus ⟦sign(𝒘%𝑥") ≠ 𝑦"⟧ < e"(𝒘) 



2. If 𝑦" = 𝑠𝑖𝑔𝑛(𝑤%𝑥"), 𝑦"𝒘𝑻𝑥" > 0. In this case, ⟦sign(𝒘%𝑥") ≠ 𝑦"⟧ = 0 and e"(𝒘) ≥ 0. 
Thus ⟦sign(𝒘%𝑥") ≠ 𝑦"⟧ ≤ e"(𝒘) 

Thus, en(w) is an upper bound for ⟦sign(𝒘%𝑥") ≠ 𝑦"⟧. 
 
Solution (2): 
According to (1), we know that ⟦sign(𝒘%𝑥") ≠ 𝑦"⟧ ≤ e"(𝒘)  for each n. Thus, 
∑ ⟦sign(𝒘%𝑥") ≠ 𝑦"⟧$
"'# ≤ ∑ e"(𝒘)$

"'# . Since the in-sample classification error Ein(w) = 
#
$
∑ ⟦sign(𝒘%𝑥") ≠ 𝑦"⟧ ≤

#
$
∑ e"(𝒘)$
"'#

$
"'# . Thus, #

$
∑ e"(𝒘)$
"'#  is the upper bound for the in-

sample classification error. 


